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There are two event horizons in Schwarzschild—de Sitter space-time, a black
hole horizon and a cosmological horizon. They have different temperatures. The
radiation between them is of course not in thermal equilibrium. According to the
membrane model suggested by us, the two horizons can be thought of as two
independent thermodynamic systems in equilibrium. Their Dirac field entropies
are calculated via a membrane model. The result shows that the entropy of the
Dirac field is proportional to the sum of the areas of the two event horizons. If
we choose the same cutoff as that of Klein—Gordon field, the entropy of the
Dirac field is 3% times that of Klein-Gordon field. This agrees with previous
results.

1. INTRODUCTION

The entropy of a black hole is proportional to the area of its event
horizon [3, 5, 8]. The origin of black hole entropy remains a fascinating
problem. 't Hooft [2] presented a “brick wall” model that can be used to
compute the black hole entropy. Various work followed that calculated black
hole entropy via this model [4, 6, 10].

However, the entropy of the Dirac field in Schwarzschild—de Sitter (SD)
space-time has not been calculated via the brick wall model because, unlike
ordinary stationary space-time, there are two event horizons in SD space-
time, which have different temperatures [9]. The radiation between them is
of course not in equilibrium, and thus we cannot take the brick wall model,
which is based on equilibrium statistical physics. In the membrane model
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the entropy of the black hole comes from the entropy of a thin layer of
radiation [1]. It does not matter whether the two event horizons have the
same temperature or not and whether their distance is large enough or not.
Therefore we can regard the two horizons as two independent thermodynamic
systems in equilibrium and calculate the entropy of the Dirac field via the
membrane model. Our result agrees with previous results [7].

2. DIRAC EQUATION IN SCHWARZSCHILD-DE SITTER
SPACE-TIME

The Dirac eguation in curved space-time is given by

- i
(D +&—p)F + (8+1‘r—a)F2=ﬁpoGl
(D+s—p)F1+(S+w—a)F2=I—\/_2MOGl

O+e —p)G+ B+ — )= Sk ()

(& + W =981 + (B + B~ )Gz = 5 o
where . is the mass of particle, F4, F», G;, and G, are four components of

the wave function, D, A’, 3, and § are ordinary differential operators, and
a, B, v, 8, etc., are spin coefficients. Their relation to the null tetrad is

[Ny — m,,., Mumy)

numv — m,., Mpump)

with

3 = mip @)
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and
v =1(,.,npnv — m,., Mpnv)
e = 1(l,,nplv — m,.,Mulv)
o= Ny My
= —l,, Mpunv
The null tetrad satisfies the following equations:
lpnpw = —mpmp = 1
lplw = nunp = mpmp = Mump = 0
[pmp = lpMw = npmp. = npmp = 0
O = lpnv + nulv + mumv — My (3)
The line element of the SD space-time is
ds® = (1 — 2M/r — 1 \r?) dt?
— @ —=2M/r —$ar?d)tdr2 — r2do? 4

We choose the null tetrad as follows:

I = %(r% A, 0,0)

1 2
- = (2 - A
nl.k 2]" (r Il 101 0)
1 i
=—10,0,1, —
M- /2r ( sin 6)

oo L i
M = \/Z (0, 0, 1, sn 6) (5)

where A = r2 — 2Mr — 2\r“ In view of the symmetry of space-time, let
the four components of the wave function be

Fi=e B e™ -1, 0)

Fo = e 5 dm™ fy(r, )

G, = e B ™ gy(r, 0)

G, = e B @™ 1 ~1gy(r, 0) (6)
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Then Egs. (1) become

1 1.
Dofy + 72 Lipf, = 72 ol g1
AD3,f, — 2Lyt = — J2iporg (7)

1 1.
Dog2 — 72 L0 = 72 iporfs

AD{0 + V2Li0 = _\/Ei o fy

where

2 =M= 2

Dy = 8 —iE +2n 5
2 r—M—%)xr3

Dy = d +iE L +2n 5 (8)
m

Lf =00+ ——+nctgd

4 sin o g

m
L,=00 ———+nctg 6
" sin o 9

To get the decoupling equations with regard to R..q, and O.4,, we
suppose that

fi(r, 0) = R-1:2(r)O-12(6)
fo(r, 0) = Ri12(r)O12(0) ©)
9i(r, 0) = Ri12(r)O_/2(6)
02(r, 0) = R_12(r)O+1/2(0)
For simplicity we put g zero, so we get
ADj; DoR_1/ = I(I + DR_1p2
DoADT,R 1 = I(I + DRy (10)
Lipli20112 = —I(1 + 1)6.44p2
LiplyoO_ 1o = —I(1 + 1)O_4p,
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Expandings Egs. (10), we obtain the radial equations as follows:

dzR,]_/Z 2 3 dejjz E%r4
ATaE T (f MmN g T R
iEr(r — M — 2 Ar3
= . 3 Ro12 (11)
—DiEr + < — 10 + 1)
d°R drR 2
—Aﬁ - 3<r -M —%)\r3>d—+r”2 (EAr + 2|Er)R+]J2
3 iEr(r - M —:—i)\r3> R 1
la-2aary - X —10+1| (12)
1 d d 113
[ nodo "% de s ]6*”2
_ mcos # 1
[ G F TG 2 sin26]9+”2 (13

In this paper only the radial equations (11) and (12) are considered.

3. THE ENTROPY OF THE DIRAC FIELD IN THE
BACKGROUND OF SD SPACE-TIME

There are four components in the wave function of the Dirac field. We
can calculate the entropy of each component and then sum them.
The line element of SD space-time is

> = (1 — 2M/r — £\r?) d?
— (1 —2M/Ir — $ar?)tdr2 — r2do? (14)
The equation of the event horizon can be easily obtained from the above
line element,
r3+6M/\ —3r/\=0 (15)

Letr,,r¢, andrqyberespectively, the black hole event horizon, the cosmological
event horizon, and a meaningless root; then we can write Eq. (15) as

r=r)@r—r)(@r—-rg)=0 (16)



2226 Gao and Liu

The temperatures of the two event horizons are

M — LAr3d

BiloT, - ‘# (17)
M — Enrd

Bel=T. = ‘—2ﬂ?§ < (18)

First, let us consider the case of the black hole event horizon.

3.1. Entropy of fi(r, ) Component

The boundary conditionisR. = Owhenr <r, + hyorr > r, + 2hy,
where h; > r,. We use the WKB approximation, i.e., let R_y, = €50, and
put it into (11); the wave number is

(R (pom 1\
kf(r,l,o))— (T) —(1 p 3)\r2>
oM 1.\, I0+1)
X[(l—T—é)\l’) E —T:| (29

Considering semiclassica quantum theory, we have for the constraint
imposed on the wave number k

r++2hy
nm = j dr ky(r, I, o) (20
r++hy
The free energy is given by statistical physics,
B.fi= > In(l+ e P+F) (21
ng,l,m

The distribution of the state density is regarded as being continuous. Then
we get

B.fy = J d (2 + 1) J dny In(L + e B+E) (22)

Integrating by parts and substituting Eq. (19) for Eq. (20), we find that Eq.
(22) becomes

-2

2B, [r+t2m 2M 1
- 1-—=2—2r?) r2
Bl &Jr r 3T

—=+hy

J " dE (e3+E + 1)~1E3 (23)

0
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When integrating over | the part under the radical sign that is not negative
should be considered. Using the median theorem in calculus and considering
h; > r,, we get

ré4as h,
B T30 — R, — TR @
Whel’e hl < ’Y]l < 2h1
The entropy is given by ensemble theory,
_ g2k
S=p75 (25)
Therefore
T3rd h
Su - > (26)

T BE3(r, — rQAr, — ro)AAZm?

3.2. Entropy of fy(r, ) Component

Similar to the process of computing the entropy of thef,(r, 6) component,
we get the entropy of the f,(r, 8) component:

S = Su (27)

3.3. Entropy of the Black Hole Event Horizon

Since the radial components of g,(r, 6) and g,(r, 8) are the same as
those of f,(r, 8) and fx(r, 0), respectively, their entropies are also same. Thus
the total entropy is

S=S1+S,+S3+ Su=45,
_ 28mr4 hy
5B, — rA(re — ro)>\2ms

(28)

When we choose
hy

mi

= 90B, (29)

wefind that the entropy of the Dirac field is33timesthat of the Klein—Gordon
field, i.e,

S =

NI

1
2 A, (30)

The proof is given in Section 4.
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Now we give the entropy of the cosmological event horizon.

The boundary conditionis R. = Owhenr <r. — 2h,orr > r, — hy,
where h, > r.. Entirely as in the case of a black hole, the entropy of the
cosmological event horizon can be derived, and is

28mr4 h,
— —=< 1
X 7 BB3r, — 1) — 1PN 3 (D
When we choose
h,
— = 908 (32
M2

we find the entropy of the Dirac field to be 31 times that of the Klein—-Gordon
field, i.e,

1
2 A (33)

7
73
The proof is given in Section 4.
Now we obtain the total entropy of the Dirac field in the background
of SD space-time as,

S—S +§— %A (34)

NI~

where A is total area of the two horizons.

4. PROOF OF EQUATION (30)

Since the proof of Eq. (33) is similar to that of Eq. (30), we give the
proof of Eq. (30) only. Putting Egs. (17) and (29) into (28), we obtain

r3 — BM)? 7
S = 2 —
41Tr+ r?¢-(r+ - rc)z(r+ - r0)2 2

(35

The relations between the roots and the coefficients in Eq. (16) are

r.+r.+rp=0 (36)
Fffo = — 8 M (37

A

3
Fife + rdg + rgfy = — X (38)
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By expanding the denominator of Eq. (35), we get
[l’i - (rc + rlO)r%— + r+rcr0]2 (39)
Putting Egs. (36) and (37) into (39), we find that Eq. (40) becomes

3 2
4<r3+ -3 M) (40)
A
Substituting Eq. (40) into Eq. (39) gives the black hole the entropy,
71
Se=g5 A (41)

Since the entropy of the Klein—Gordon field is one fourth the area of
the event horizon, the the entropy of the Dirac field is 34 times that of the
Klein—Gordon field.

5. DISCUSSION

We take the black hole event horizon and the cosmological event horizon
as two independent thermodynamic systems and calcul ate the entropy of the
Dirac field via the membrane model. The entropy is proportional to the total
area. This is consistent with previous results. ones. Hence the idea of that
black hole entropy comes from the vicinity of the event horizon has some
plausibility.
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